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ABSTRACT: Experimentally, quenching from warmer water leads to faster freezing than
quenching from colder waterthe Mpemba eﬀect. Using molecular dynamics, we ﬁnd that
quenching water from 370 K and above leads to a 100 K density of states (DOS) closer to
that of ice than quenching from 300 K and below. Especially we ﬁnd that the biggest
diﬀerence is for 80−160 cm−1 which upon quenching from colder water is much lower
than that in ice, while it is much higher than in ice when quenching from warm water. We
ﬁnd that the range of 100−160 cm−1 corresponds to framework vibrations within a
hexamer, suggesting that the water hexamer serves as a nucleus for crystallization. We
tested this by ﬁxing one hexamer and quenching slowly from 370 K, leading to increased
correlation with pure ice. We also showed that the structure quenched from 370 K evolves
to the ice faster than 300 K case. These results suggest that the higher population of water
hexamer states in warm water is responsible for the faster crystallization underlying the
Mpemba eﬀect.
1. INTRODUCTION
The Mpemba eﬀect occurs when two bodies of water, identical
in every way, except that one is at a higher temperature than the
other, are exposed to identical subzero surroundings, and the
initially hotter water freezes ﬁrst. This eﬀect, which seems
irrational at the ﬁrst glance, has been observed in numerous
experiments.1,2 Recently, it has also been observed that
structural changes in supercooled water can aﬀect the
crystallization properties of ice.3,4 However, a convincing
atomistic explanation of the Mpemba eﬀect has not yet been
advanced.2−6
In this work, we carried out molecular dyanmics (MD)
studies using several force ﬁelds to examine the eﬀect of
quenching water from a range of temperatures, aimed at
understanding the origin of the Mpemba paradox.
2. CALCULATION DETAILS
To describe the cooling behavior of water7−9 we carried out
MD simulations (using the LAMMPS simulation package) for
systems with 192, 300, and 1000 water monomers.10 We
considered three force ﬁeld models: (i) The single bead
Molinero model, mW,7 which uses a Stillinger−Weber angular
function to retain tetrahedral character, but has no internal
water structure. (ii) The SPC rigid water model,8 which has
internal water structure, but is not ﬂexible. (iii) The F3C
ﬂexible water model,9 which has both internal water structure
and explicit motions of the HO bonds and angles.
The mW coarse-grained model leads to computational costs
of 1/3 that of the others; however, it ignores the rotational
libration modes. We ﬁnd that the SPC and F3C models have
quite similar vibrational density of states (DOS) for transla-
tional and rotational libration, but we focused our analysis on
the more ﬂexible F3C model on the chance that the OH
vibrations might have some inﬂuence. Detailed comparisons
and descriptions of the size of system and force ﬁelds are
discussed in section 3.2. To validate the accuracy of the DOS
from the F3C force ﬁeld, we compare it to the experimental
DOS of ice. There are more than 15 distinct phases of the ice at
various temperatures and pressures,11,12 but ice Ih, V, and II are
relevant for comparing to our MD simulations, which were
performed at pressures of 0−0.1 GPa.13 The vibrational DOS
from the two-phase thermodynamics (2PT) analysis14,15 of the
dynamics using the F3C model reproduces well the
experimental DOS of the ice Ih crystal, and the DOS from
the very accurate WHBB (Wang/Huang/Braams/Bowman)
potential derived from accurate QM calculations,16,17 as shown
in Figure 1. The experimental spectra of ice Ih show the
following: (i) A peak at 600−1000 cm−1 that can be understood
in terms of vibrations of the 12-molecule unit cell.18 This peak
also appears in the 2PT analysis of the F3C force ﬁeld and for
the WHBB potential, but it extends down to about 400 cm−1.16
(ii) Sharp peaks near 220 and 300 cm−1 with a smaller peak at
150 cm−1. The WHBB potential leads to two peaks over the
same region, and the F3C leads to a broad peak covering the
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same region. These modes are known as transverse optic
vibrations (229 cm−1) and longitudinal acoustic vibrations (164
cm−1) from inelastic neutron scattering (INS) experiment and
transverse optic vibrations of the six-member rings from WHBB
potential.16,19 (iii) A strong peak at 60 cm−1 also exhibited by
both WHBB and F3C. This corresponds to the acoustic
translational mode of the six-member rings from analysis of the
WHBB potential.16,19
Figure 1. DOS from the 2PT analysis of the F3C MD on ice Ih (green) compared to experiment (red) and the WHBB potential (blue): (a) full
spectrum to 2000 cm−1 and (b) magniﬁed comparison from 0 to 200 cm−1.
Figure 2. Changes in the vibrational DOS as the system is quenched over 500 ns from 2PT analysis using the F3C FF. (a) Changes in the total DOS
while quenching from 370 to 100 K over a period of 500 ns. (b) Comparison of the ﬁnal translational libration DOS for quenching times with that
from quenching in 50 ps and 500 ns. (c) Translational libration DOS. (d) Diﬀusional component (hard-sphere gas-like) of the DOS. (e) Rotational
libration DOS.
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Thus, we ﬁnd that the 2PT predicted vibrational DOS is
consistent with INS experiments and with the ab initio
potential surface calculations.16,17
3. RESULTS AND DISCUSSIONS
3.1. Explanation of the Mpemba eﬀect. 3.1.1. Changes
in DOS from Fast Quenching to 100 K from Various
Temperatures. To examine the Mpemba eﬀect, we started with
an equilibrated water box with 192 molecules at various
temperatures from 280 to 390 K which we then quenched
rapidly to 100 K with NVT dynamics. (The original
observations of the Mpemba compared quenching from 305
and 373 K.20) Since the experimental time scales are much
longer than the simulations, we considered quenching times
ranging from 50 ps to 500 ns and calculated the evolution of
the DOS as shown in Figure 2 and Figures S3−S6 of the
Supporting Information (SI).21−23 We see little diﬀerence over
the whole range and concluded that the quenching time of 2 ns
leads to the most suitable case for comparing the supercooled
state quenched from various initial temperatures. Recently,
Malaspina and co-workers studied the properties of super-
cooled water using four water models and concluded that a 2 ns
time scale led to converged predictions of properties.24
Figure 2 shows the evolution of the DOS, quenched from
370 to 100 K over the period of 500 ns. Figure 2b shows that
the ﬁnal translational libration DOS at 100 K after quenching in
50 ps is very similar to that from quenching over 500 ns.
Table 1 shows the correlation coeﬃcient of the 2PT DOS
from various total quenching times with the DOS of normal ice.
We conclude that the character of the ﬁnal supercooled DOS
from the 500 ns quench is captured with the 50 ps quenching
time. (The SI shows the DOS at 100 K for water quenched
over these various periods.)
3.1.2. Identiﬁcation of Critical Part of DOS for Rapid
Crystallization. In order to understand the diﬀerences in
quenching from various temperatures, we partition the total
DOS into three parts: (1) The diﬀusional or hard sphere
contribution (see Figure 2d inset to Figure 2c) that decreases
exponentially from 0 to 200 cm−1 and whose amplitude
decreases rapidly to 0 as the liquid water is quenched to form
the glass. (2) The translational libration contribution (Figure
2c) ranging from 0 to 400 cm−1 is composed of two parts 0−
100 cm−1 and 100−320 cm−1. As the system is quenched, the
DOS decreases in the range of 90−160 cm−1 and increases in
the range 160−320 cm−1. (3) The rotational libration
contribution (Figure 2e) at 370 K goes from 0 to 900 cm−1
with the peak at 400 cm−1. Upon quenching, this peak
decreases dramatically below 400 cm−1 with the peak moving to
450 cm−1 and the 450−900 cm−1 region growing rapidly with
time.
The overall DOS depicted in Figure 2a results from summing
these components. The rapid decrease over the range from 250
to 400 cm−1 results from the decline of both solidlike
translational libration and rotational libration in this region.
To focus on the changes in the DOS upon quenching from
various temperatures, Figure 3a compares the translational
libration DOS of the supercooled liquid at 100 K with the initial
DOS at 370 K, while Figure 3b does the same for the 300 K
case. Here we identify three regimes: (I) Region I ranges from
0 to 80 cm−1. This is mostly related to the solidlike behavior as
described by the Debye model.25 Here the gaslike or diﬀusional
DOS is high in the liquid, but drops quickly to zero with
supercooling to the glassy state. (II) Region II ranges from 80
to 160 cm−1. Here the DOS decreases but the decline depends
on the total quenching time and the starting temperature (see
SI Figure S2). (III) Region III ranges from 160 to 400 cm−1.
Here the DOS increases slightly up to 300 cm−1 and drops to
zero above 300 cm−1. We see little diﬀerences for initial
temperatures of 300 and 370 K.
Since regime II depends on the initial temperature and on
the quenching rate, we analyzed it further as follows:
In order to interpret the DOS of supercooled water with the
DOS for the ice structure, Table 2 compares the correlation
coeﬃcients. First, we obtained a smooth spectrum using cubic
Table 1. Correlation Coeﬃcient of Dos Value between Pure
Ice Ih and Supercooled Waters Quenched from 370 to 100 K
for Diﬀerent Quenching Timesa
correlation coeﬃcient with pure ice Ih at 100 K
quenching time (ps)
hard-sphere
DOS
translational
DOS
rotational
DOS
50 0.9896 0.9677 0.9861
500 0.9944 0.9694 0.9837
5000 0.9994 0.9692 0.9783
50 000 0.9998 0.9705 0.9713
500 000 0.9997 0.9654 0.9687
aThis correlation coeﬃcient is calculated by the covariance matrix.
Figure 3. Comparison of the translational libration DOS for water and the DOS after supercooling to 100 K over 2 ns: (a) 370 K initial temperature
and (b) 300 K initial temperature as region I from 0 to 80 cm−1, region II from 80 to 160 cm−1, and region III from 160 to 400 cm−1. (c)
Comparison of quenched states from both 300 and 370 K to 100 K ice Ih (comparison on 50 ps run is held in Figure S7). (d) Magniﬁed comparison
of quenched states and ice Ih in region II.
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splines and then compared the cases of supercooled water
quenching over 2 ns from initial temperatures of 280, 300, 335,
355, 370, and 390 K with spectrum of 100 K pure ice Ih.
For the 2 ns quench, we see that quenching from
temperatures of 370 K and higher leads to a high correlation
(0.87−0.95) to ice in all three regimes, whereas cooling from
335 K and below leads to a low correlation (0.68−0.76) for
regime II. For the 500 ns quench, only the 300 K case has a low
correlation with ice, while for the 50 ps case the correlations
with quenching from various temperatures is not as marked.
Detailed DOS of supercooled water quenched from 300 and
370 K is depicted in Figure S7 with comparison to the DOS of
ice.
These results suggest that the there is something important
about region II for forming ice. At 370 K and above, there are
more states here than in ice, suggesting that the modes in this
region are important in nucleating ice formation. This contrasts
with the DOS obtained quenching from 335 K and below
where there are fewer states in region II than in ice. Thus, for 2
ns quenches, there is clear diﬀerence in region II between ≤300
and ≥370 K. For the 50 ns quenches, we still see the dramatic
diﬀerence between ≤300 and ≥370 K. This suggests that the
slower formation of ice when quenching from the lower
temperature is related to building up the states in regime II to
the level needed for which nucleation of ice can occur. This
then is the origin of the Mpemba eﬀect.
3.1.3. Interpretation of the Mode Character for Region II.
In order to identify which structural characteristics of water
might correspond to regime II, we artiﬁcially decreased the
mass of selected oxygen atoms from 16 to 2 for three cases: (1)
one hexagon of waters from the ice Ih structure, (2) one fused
hexagon (a decagon) of waters from the ice Ih structure, and
(3) two distinct hexagons of waters from the ice Ih structure.
This led to the DOS shown in Figure 4, where three peaks
were observed. These are denoted as 1, 2, and 3 and distributed
over the range of 170−350 cm−1 (see circles in Figure 4). To
compare these results with the DOS for normal water, we scale
by SQRT(4/18), leading to 80, 110, and 160 cm−1 for peaks 1,
2, and 3, respectively. This is the same as regime II. In contrast
diﬀerences between these three DOSs in the range higher than
350 cm−1 quite small. Also, in the low frequency region below
100 cm−1, entangled DOSs are observed which is known as the
pattern of acoustic translations of H2O.
16,19 Detailed
explanations are provided in section E of the SI. However, as
Table 2 and Figure S8 indicate, we will restrict our
investigations to regime II.
Correcting peak 1 at 169 to 186 cm−1 in Figure 4 (a dashed
circle) by SQRT(4/18) shifts the peak to the range of 80−88
cm−1. Comparing the DOS of these three cases with ice Ih
shows that peak 1 is mostly associated with the internal
vibrational modes of a water hexamer and/or the water fused
decamer, but not with distinct hexagons. A similar trend is
found for peak 3 (a dotted circle) in the range of 290−327,
which after correcting for the masses corresponds to 137−154
cm−1. However, peak 2 from 234−240 cm−1 (a solid circle)
which corresponds to 110−113 cm−1 is mainly associated with
the fused hexagonal motion of the water, not with separate
hexagonal motions from water. This suggests that the water
hexamer and/or fused hexagons may serve as a nucleus for ice
formation.
Thus, from Figure 4, we conclude that quenching warm
water leads to a much higher fraction of water hexamer and
fused decamer modes than bulk ice, which can then relax
quickly to form the crystal. In contrast, quenching from cool
water leads to a much smaller fraction of water hexamer and
water fused decamer modes, whose populations must increase
while forming ice. We conclude that the hexamer and/or the
fused decamer are critical nuclei for ice formation and that
cooling from cold water leads to too few of these critical
clusters. Instead they must build up to form the crystal, slowing
the process. The idea here is that at lower temperatures the
completion of hydrogen bonding between waters in adjacent
hexagons might be more important than those within the
hexagon, reducing the number of pure hexamer modes, whereas
at high temperatures the ﬂuctuations may randomize these
interhexagon modes so important in ice.
Table 2. Correlation Coeﬃcient of Water Supercooled Quenched of 2, 50, and 50 ns from Various Initial Temperaturesa
(a) 2 ns (b) 50 ps (c) 50 ns
region region region
initial T (supercooled) I II III I II III I II III
280 K 0.9312 0.6812 0.9351
300 K 0.9724 0.7649 0.9408 0.8685 0.8673 0.9611 0.9043 0.7738 0.9426
335 K 0.9388 0.7453 0.9445 0.9527 0.8794 0.9261 0.9462 0.9101 0.9603
355 K 0.9837 0.7907 0.9472 0.9054 0.8844 0.9572
370 K 0.9534 0.8723 0.9472 0.9283 0.9123 0.9588 0.9385 0.9257 0.9527
390 K 0.9354 0.8891 0.9530 0.9804 0.9096 0.9275
aThe correlation coeﬃcient is calculated by the covariance matrix of a smooth spectrum.
Figure 4. Translational libration DOS of supercooled water at 100 K
quenched from 370 K over 2 ns for 3 cases in which the masses of
selected waters have the mass of oxygen changed from 16 to 2 amu.
These are a hexagon (blue), a fused decamer (green), or two distinct
hexagons (cyan): Also shown are the diﬀerences between the DOS for
these three cases with that of the ice Ih at each peak.
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3.1.4. Role of Hexamer and Fused Defamer in Crystal-
lization. In order to analyze further the modes of waters to be
ascribed to ice formation, we interpolated the local DOS using
a cubic polynomial to obtain the noiseless spectral density
shown in Figure 5.
This shows that the DOS at 100−160 cm−1 is generally much
higher when quenching from 370 K than the DOS of water
supercooled from 300 K, even for the modest total quench time
of 0.5 ns. In Figure 4, we identiﬁed three major peaks (80−88,
110−113, and 137−154 cm−1) whose eﬀective motions might
underlie the Mpemba eﬀect: Here, the local DOS for various
total quench times indicate that the two motions, 110−113 and
137−154 cm−1, are crucial, suggesting that water hexamers or
decamers are responsible.
To test further the idea that the presence of a large number
of water hexamers in warm water compared to cool might
increase the rate of crystallization, we took the water hexamer
structure obtained by MD with the 6 low mass oxygens, ﬁxed
all 18 atoms of these waters, and then heated the whole system
(except for these 6) to 370 K and quenched to 100 K. These
results are shown in Figure 6.
We calculated the area under each curve of three cases in
regime II (using the trapezoidal approximation), leading to the
areas in Figure 6c. We see that the ﬁxed case leads to an area
similar to ice Ih but that the unﬁxed case is much larger. This
signiﬁcant increase in the correlation for region II, indicates that
water hexamer modes in the region II play an important role in
the biasing the high temperature water toward the ice structure.
3.2. Simulation Details and Discussions. 3.2.1. Dis-
cussions on the Simulation Settings. We prepared water
molecules with N = 192, 300, and 1000 monomers from the
Amorphous builder module of Cerius2. A system with 1000
H2Os was used in the simulation to compare three water force
ﬁelds. To ensure that each system size gives reliable properties,
we compare the translational librational DOS of the super-
cooled water from 370 to 100 K for 50 ps from three diﬀerent
system sizes; see Figure 7a. The system with 1000 monomers
was used in comparison with other force ﬁelds with F3C. The
system with 300 monomers was used for extended time scale
simulations of quenching times from 500 ps to 500 ns and for
interpolation of local DOS (subsections 3.1.1 and 3.1.4).
Finally, the system with 192 monomers was used for numerous
Figure 5. Translational libration DOS in regime II (80−160 cm−1) for
water quenched to 100 K from 370 and 300 K at four total quench
times ranging from 0.2 to 20 ns.
Figure 6. Test of the water hexamer nucleus seed hypothesis. Comparison with ice Ih (red) of the translational libration DOS of supercooled water
at 100 K after quenching from 370 K for two cases: (1) Unf ixed. Here all waters have normal masses (green). (2) One hexamer of waters are ﬁxed
from the previous calculation using reduced O masses (blue). This system was heated from 100 to 370 K over 50 ps, equilibrated for 200 ps, and
then quenched to 100 K over a period of 2 ns. (a) Translational libration DOS to 900 cm−1. (b) Magniﬁed comparison from 0 to 400 cm−1 (c) Areas
of region II under each curve.
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quenching studies starting from various temperatures between
280 and 390 K and for the modiﬁed mass simulation
(subsections 3.1.2 and 3.1.3).
First, we annealed the system at the initial temperature
(ranging from 280 to 390 K) and performed constant pressure
dynamics with a Nose-́Hoover thermostat and Andersen
barostat (NPT) at the desired initial temperature. While
quenching, we carried out constant volume dynamics with a
Nose-́Hoover thermostat using a 0.1 ps damping constant.
Water exhibits negative thermal expansion between 273 and
277 K, and the cubic ice structures show a negative thermal
expansion at <73 K, which is not included in our range.26
However, to ensure the equilibrated states, we checked that the
pressure converged to positive and ambient condition and also
the ﬁnal densities after the calculation in Figure 7a were within
the range from 1.09 to 1.12 for all three systems. Finally, after
the system is equilibrated, 2PT calculation was conducted by a
single short MD dynamics for 20 ps to determine the DOS of
the system.
Figure 7. Translational libration DOS for various quenching times and various system sizes. (a) Comparison of the scaled DOS among systems with
various numbers of water monomers: Systems with 192, 300, and 1,000 H2Os. (b) Comparison of the DOS from quenching from 370 to 100 K over
times ranging from 1 ps to 5000 and 50 000 ps for the system with 300 water monomers.
Figure 8. Evolution of DOS of the supercooledwater from 300 to 100 K represented by three diﬀerent force ﬁelds: mW, SPC, and F3C. (a) Initial
and ﬁnal total DOS by using mW model. (b) Initial and ﬁnal total DOS by using SPC model. (c) Comparison of ﬁnal total DOS of SPC and F3C
model.
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3.2.2. Discussions on the Time Scale of the Simulation. We
used the periodic cell composed of 300 water monomers with
size of 2.08 nm × 2.08 nm × 2.08 nm to perform the extended
quenching time simulations from 500 ps to 500 ns, whereas
typical experiments may consider quenching times of seconds.
This raises the question about whether the simulations could
catch the distinctions observed experimentally.
We argue that the simulations can describe the distinctions
observed experimentally for much longer time scales. The
reason is that the simulations use periodic boundary conditions
that introduces long distant correlations not present in the
experiment. The speed of sound in water is 1.5 km/s (1.5 nm/
ps). Thus, with our periodic cell of 2.08 nm (300 waters), the
time scale for the system to change its ordering from that of
370 or 300 K water to that of supercooled water is some
multiple of the time 1.39 ps needed for energy to ﬂow
throughout the periodic cell. Because of periodic boundary
conditions, the long-range ordering over a centimeter is
achieved in the same time. In contrast, for an experimental
study on a system with a size of 1 cm, it might take 5 × 106
times longer, or a multiple of 6.6 μs to order.
Indeed, our results in Table 1 show little diﬀerence in the
overall DOS for quenches ranging from 50 ps to 500 ns. Thus,
our quenching study over 500 ns may correspond to time scale
for a 1 cm system of order 25 s.
On the other hand, for simulation time less than some
multiples of 1.39 ps, we might expect to see diﬀerences. Indeed
the blue line in Figure 7b is for a quench time of 1 ps, and we
see a dramatic diﬀerence compared to quenching times of 5 and
50 ns.
3.2.3. Comparison of Diﬀerent Force Fields. The detailed
comparison between the DOS for various force ﬁelds is
depicted in Figure 8.
Figure 8a leads to the quenched DOS from the mW model.
This necessarily ignores the rotational contribution to the DOS,
leading to major diﬀerences in the quenched DOS compared
within Figure 1.
Figure 8b shows the evolution of DOS for the SPC rigid
water model, while quenching. We see that SPC leads to a
similar DOS for the vibrational regions as F3C (Figure 8c), so
that its use to examine the Mpemba eﬀect might well have been
suﬃcient. However, to examine the possible inﬂuence of the
OH vibrations, we used the F3C model for our studies. This
allowed us to more convincingly analyze the region aﬀected by
the hexagonal modes.
4. SUMMARY
In order to understand the origin of the Mpemba eﬀect, we
carried out molecular dynamics simulations to investigate how
quenching from various initial temperatures might aﬀect
crystallization of supercooled water. In particular, we
considered quenching to 100 K from various temperatures
ranging from 280 to 390 K, using the 2PT analyses to obtain
the vibrational density of states (DOS). From these DOS, we
identiﬁed that the population in regime II (80−160 cm−1) plays
an important role in crystallizing ice. That is quenching from
warm water (above 370 K) has a higher population than ice in
this region, which can then simply relax to the values of ice,
while quenched water quenched from cool water (below 300
K) has a lower population than ice in this region, which must
slowly be built up to form ice. This explains the Mpemba eﬀect.
In order to interpret what is special about the DOS in the
80−160 cm−1 region, we carried out calculations in which
hexagons or decagons of water had modiﬁed masses. This
allowed us to conclude that regime II is associated with internal
vibrations of water hexagons or perhaps fused decagons.
We then analyzed the modes of ice as it melts where again we
identiﬁed regime II with hexagons of water (or perhaps fused
decagons). Here we showed that ﬁxing one of these hexagons
and quenching from 370 K leads to faster crystal growth than
that for fully free water, and that quenching from 300 K leads
also to faster crystal growth. This supports the hypothesis that
the water hexamer plays an important role in nucleating ice
formation
Thus, the explanation of the Mpemba eﬀect is that warm
water has a higher population of the water hexagon ice nuclei
than that in ice, whereas for cooler water this hexagon
population is below that of ice (due to increased hydrogen
bonding between waters in diﬀerent hexamers in low
temperature water). The remaining question is why the
hexagon population is higher for high temperature water. We
conjecture that at high temperature the intrahexamer modes
decouple from interhexagon motions, leading to higher
entropy, whereas at lower temperatures hydrogen bonding of
the hexamer to waters in other hexamers (enthalpy) becomes
more important.
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